The loop-degrees of Jacobi diagrams and Lie algebras

(Preliminary Version)

Hideaki, NISHIHARA

Department of Mathematics, Graduate School of Science, Osaka University E-mail: hideaki@cr.math.sci.osaka-u.ac.jp

February 28, 2003

Abstract

For weight systems derived from finite-dimensional Lie algebras with metrics, the following series of theorems are stated. If a weight system is derived from a nilpotent Lie algebra, then it vanishes Jacobi diagrams including some loops and vice versa. If it is derived from an extension of nilpotent one, then it vanishes diagrams with at least two loops. For weight systems derived from other types, there exist diagrams with sufficiently many loops which are not vanished. The relations to invariants of knotlike objects are discussed, too. Nilpotent Lie algebras induce the Milnor invariants of string links and Heisenberg Lie algebras do the inverse of the Alexander-Conway invariants of knots.

Chapter 1

Introduction

We start with backgrounds and motivations of our study.

1.1 History

Roughly speaking, a quantum invariant is a link invariant (a tangle invariant in general) with some parameters defined with a Lie algebra and its representation. As described below, quantum invariants are constructed in two ways, one is the construction by means of quantum groups (which are quantizations of Lie algebras), and the other is by use of ordinary Lie algebras.

The history of quantum invariants has started in the middle of ’80s, when the Jones polynomial is discovered [10]. Jones has constructed an algebra in studying operator algebras, and defined a representation of the braid groups on it. The Jones polynomial of a link is a modified character of the action.

Although the Jones polynomial was derived from the theory of operator algebras in origin, it is related to many topics in mathematics and physics, for example representation theory of quantum groups, solvable lattice models in statistical physics, and quantum field theories. They contribute to the general framework of quantum invariants.

The braid groups also act on tensor representations of a quantum group, and thus a braid gives an intertwiner of the representations. It is an invariant of braids. In particular with the quantum group U_q(sl_2), the invariant of braids and links coincides with the Jones polynomial of them. Various calculations and results obtained by replacing U_q(sl_2) with other quantum groups are done.

One of the key that a quantum group derives an invariant of braids is that it gives a solution of the Yang-Baxter equation which appears in statistical physics. With an analogy between projection images of links and lattices, the Jones polynomial is constructed like as a partition function of a lattice model [11]. Moreover it leads us to the extension to invariants of tangles [31, 1], and thus quantum invariants have been defined without braid representation of links.

Witten [33] raised a proposal that the Jones polynomial is a partition function of 2-dimensional conformal field theories. He regarded a link as an orbit of moving particles in a plane and the Jones polynomial is obtained by Feynman’s path integral.

Turaev [29] has given the categorical framework of quantum invariants. In his work, tangles are considered as morphisms of a certain monoidal category, and quantum invariants are functors from the category of tangle diagrams to the monoidal category of representations of quantum groups. Moreover, initial data are generalized to a braided Hopf algebra and its representation.

Bar-Natan and Kontsevich have reconstructed quantum invariants from the viewpoint of Vassiliev invariants. Vassiliev invariants are a large class of link invariants including all quantum invariants. It has been developed since ’90 s.

A Vassiliev invariant is realized as a composite map W ∘ Ẑ : {links} → C[[h]]. Ẑ is a link invariant defined by Kontsevich [14], it takes values in the Hopf algebra of infinite formal sums of graphs (they are Jacobi diagrams, defined in Chapter 2). The Kontsevich invariant Ẑ is universal for any Vassiliev invariants. Despite of the importance the properties of Ẑ are not revealed in detail. One of the reasons is that it includes complicated elements called associators. There are partial results on the elements [3, 18]. Le and Murakami has shown in [19] a complete expression of an associator in which the multiple zeta values appear.

W is a function on the space of the graphs, it is called a weight system. Bar- Natan [2] has revealed the Hopf algebra structure of the space, and showed how to construct a weight system^1 W_{L,t,ρ} from a Lie algebra L, its ad-invariant symmetric 2- tensor t, and a representation ρ of it. Le and Murakami [20] has proved the resulting invariant W_{L,t,ρ} ∘ Ẑ coincides with the quantum invariant constructed by Turaev’s method if L is semisimple.

1.2 Problems and Results

It is a problem what is seen if we start with non semisimple Lie algebras. It is difficult to manipulate such algebras and their representations. Indeed, there are a few ways to do it. Moreover, it is not clear whether they have ad-invariant symmetric 2-tensors. Partial results are in [24].

However, it is worth consideration. One reason is that every Vassiliev invariant does not alway come from a semisimple Lie algebra [17], and another reason is the relation with the concept of loop-degrees.

Melvin and Morton have conjectured that for knots the inverse of the Alexander- Conway polynomial is the ‘diagonal’ part of the colored Jones polynomial [21]. After

1In the sequel, we omit the symbols t and ρ if they are clear.

it is proved^2 by Bar-Natan and Garoufalidis [5], a gradation, different from ordinary one, of Jacobi diagrams is defined and researched actively. The Kontsevich invariants for some objects (knots, links, braids, and more) are known to be grouplike, and hence the formal logarithms of them are presented as linear spans of connected Jacobi diagrams. The loop-degree of a connected Jacobi diagram D is the negative of the Euler characteristic of D. It defines a gradation of the space of connected Jacobi diagrams.

Jacobi diagrams having negative loop-degrees are related to (self-)linking numbers, more generally to the Milnor invariants [4, 9]. Furthermore the diagrams of loop-degree 0 are related to the Alexander-Conway polynomial of links, which indicates the Melvin-Morton conjecture. It can be defined as the quantum invariant derived from the Lie superalgebra gl(1|1) [15]. Moreover the Kontsevich invariant of the unknot is written by only diagrams with loop-degree 0 [6, 28].

We consider weight systems derived from Lie algebras with the following properties. Fix an integer k and take a weight system w.

• If D is a connected Jacobi diagram of loop-degree > k, then w(D) = 0.

• There exists a connected Jacobi diagram D of loop-degree k such that w(D) ≠ 0. We call such a weight system loop-order k.

In the present paper the following theorems are proved. For a Lie algebra L with a metric, we denote by W_L the weight system constructed by L and its invariant tensor defined as the dual of the metric. Representations are not needed.

Theorem 1 If L is nilpotent, then the loop-order of the weight system W_L are −1. Conversely, if the loop-order of a weight system W_L is negative, then L is nilpotent.

Theorem 2 If there exists a connected Jacobi diagram of loop-degree k ≥ 1 which is not annihilated by W_L, then there exists a Jacobi diagram of loop-degree > k with the same property.

As a corollary, we can see that positive loop-orders are equivalent to the loop-order ∞ for weight systems derived from Lie algebras.

The proofs of theorems above are due to the fact that an endomorphism of a C-vector space has at least one non-zero eigenvalue and an eigenvector associated with it. The improvement and the generalization, in particular for the case that coefficients are in Q or Z, are problems.

By these theorems we state the main theorem.

2Rozansky has already ‘proved’ the conjecture then, by means of path integrals, which are not rigorous in mathematics [26].

Theorem 3 If a weight system W_L is derived from a finite-dimensional Lie algebra, then its loop-order is any one of −1, 0, and ∞.

It is still a problem that the existences of algebras deriving weight systems having distinguished loop-orders. In the present paper we also show some examples of them and research properties of their deriving weight systems. As a conclusion, we can see what kind of classes of algebras induce weight systems of fixed loop-orders as follows (or as pictured in Figure 1.1).

Theorem 4 For any connected Jacobi diagram of loop-degree −1, there is a nilpotent Lie algebra such that the deriving weight system does not annihilate the diagram.

It is proved in Chapter 4 by defining nilpotent Lie algebras g(n) (n ∈ N) with the required properties (Corollary 4.1.2). Moreover the derived quantum invariants are related to the Milnor invariants of string links (Theorem 7, in Chapter 4).

Some of solvable Lie algebras with metrics induce weight systems of loop-orders 0. Each of these algebras is known to be an extension of smaller one, extended by a central element and a derivation. The typical ones are Heisenberg Lie algebras.

Theorem 5 Let L is a finite-dimensional solvable Lie algebra with a metric. If L is obtained by an extension of a nilpotent Lie algebra with a central element and a derivation^3, and if L is not nilpotent, then the derived weight system is of loop-order 0. The derived quantum invariants have informations of the Alexander-Conway polynomial of knots (1-string links, precisely). It is described in Theorem 9, in Chapter 5.

The other types of algebras, including semisimple Lie algebras, are good examples for Theorem 2, although we do not deal with here.

1.3 Contents

The present paper is organized as follows.

Chapter 2 is devoted to preliminaries and general theories. We review the notion of Jacobi diagrams and weight systems. Weight systems are constructed from Lie algebras and some formulas are shown.

In Chapter 3, main results of this paper are proved. At first the structures of solvable Lie algebras with metrics are reviewed. Next we evaluate weight systems on wheel diagrams. It results in Theorem 1. Theorem 2 is proved by showing a diagram

3As we see in Chapter 5, algebras extended two times also induce loop-order 0 weight systems. However the third extensions do not have the properties.

Figure 1.1: The classification of Lie algebras

of loop-degree > 1 not vanished. Theorem 3 and Theorem 5 are also proved here. Theorem 4 is proved in the next chapter.

In Chapter 4, nilpotent Lie algebras are dealt. As a proof of Theorem 4 we construct explicitly an algebra g(n) and investigate the weight system derived from it. The Milnor invariants of string links are determined from the Kontsevich invariants by taking a quotient of the space of Jacobi diagrams. We see it is realized by evaluating W_{g(n)} and we relate it to the Milnor invariants (Theorem 7).

We see in Chapter 5 weight systems derived from algebras which are solvable but not nilpotent. We deal with Heisenberg Lie algebras, as typical examples. Since they have triangular decompositions, we can imitate the semisimple cases. Resulting knot invariants are related to the inverse of Alexander-Conway polynomial(Theorem 9). The evaluations for vertical strands are also shown, which give a partial expression of the Drinfeld associator. Next, other types of solvable Lie algebras are described.

In the last chapter, some problems are raised.

Acknowledgement

The author is grateful to my teacher Professor Jun Murakami for motivating him to this topic and giving helpful advice. He is grateful to Professor Michihisa Wakui for suggestions and advice. The author also would like to thank Professor Etsuro Date for having introduced Santharoubane’s paper [27] to the author. The paper is the first step to calculations of weight systems derived from not-semisimple Lie algebras. Finally, the author would like to thank Professor Noriaki Kawanaka for his continuous encouragements.

Chapter 2

Preliminaries

The contents of the chapter is elementary in the theory of Vassiliev invariants^1. Throughout the paper the ground field is fixed to C, the set of complex numbers, and we denote Kronecker’s delta by δ_{ij} .

2.1 Jacobi diagrams

A Jacobi diagram is a graph such that each vertex of it is univalent or trivalent, and that each trivalent vertex is oriented. Its edges are often called chords, and univalent vertices are labeled by distinct symbols. In this paper, all Jacobi diagrams are drawn by dashed lines where each univalent vertex is marked. We also call a dashed graph a web.

Let us consider the linear space spanned by all Jacobi diagrams. The space B is the quotient of the linear space by the following relations. It is noticed that they are local relations. In other words, each of them is a relation of diagrams which are same except for the parts drawn explicitly.

AS: + = 0.

IHX: = − .

By the AS relation, we can abbreviate notions of orientations of trivalent vertices. The subspace of B generated by connected Jacobi diagrams is denoted by P.

Let X be an oriented compact 1-manifold. A Jacobi diagram with support X is a pair of a Jacobi diagram and X such that all univalent vertices are attached with

1It is referred the monumental classical paper [2] and the modern book [25].

distinct points in X. Let us take the linear space of Jacobi diagrams with support X. Like as B, we define the space A(X) as a quotient by four relations AS, AS’, IHX, and STU, where relations AS’ and STU are pictured below.

AS’: + = 0.

STU: = − .

In particular, if X is k oriented segments, then A(X) is denoted by A(k).

For a Jacobi diagram D two types of degrees are defined. Let v_3(D) be [resp. v_1(D)] the number of trivalent [resp. univalent] vertices in D. The ordinary degree deg(D) is the sum^1_2 (v_3(D) + v_1(D)) and the loop-degree is the difference^1_2 (v_3(D) − v_1(D)). It is noted that the relations above except for STU are homogenous with respect to both degrees, and that the loop-degree is the negative of the Euler number of the web of D.

Some examples are shown in Figure 2.1. A wheel diagram is defined as a diagram which has only one loop in it (depicted in the center). Wheel diagrams play important roles in this paper. Each trivalent vertex in a wheel diagram touches a univalent vertex and two trivalent ones. The wheel diagram with l univalent vertices are denoted by ω_l. The diagram in the center of Figure 2.1 is ω_6. The diagram in the left is an example of a tree graph. Tree graphs (including the diagram consisiting of a single chord) have loop-degrees −1. The diagram on the right is of loop-degree 1.

Figure 2.1: Examples of Jacobi diagrams

2.2 Weight systems coming from Lie algebras

Let L be a Lie algebra. An invariant metric of L is a non-degenerate bilinear form ( · | · ) of L satisfying the relation (x|[y, z]) = ([x, y]|z) for all x, y, z ∈ L. We will often omit the adjective ‘invariant’.

Let us take a finite-dimensional Lie algebra L with a metric. We can take two bases {u_i} and {v_j} of L which satisfy (u_i|v_j) = δ_{ij} . The dual of the metric, expressed as t = ∑ (u_i ⊗ v_i + v_i ⊗ u_i), is called an invariant 2-tensor of L. It has the following two properties.

• t is symmetric. Namely it is preserved by a permutation u ⊗ v → v ⊗ u.

• t is invariant. In U(L) ⊗ U(L), where U(L) is the universal enveloping algebra of L, [t, Δ(x)] = [t, 1 ⊗ x + x ⊗ 1] = 0

holds for x ∈ L.

The bracket product of L induces a 3-invariant tensor of L^∗. We use symbols like u^i [resp. v^i], which is a basis vector of L^∗ determined by u^i = (v_i| · ) [resp. v^i = (u_i| · )]. Let us define the numbers {f_{ijk}} by [u_i, u_j] = ∑ k f_{ijk}v_k, and F = ∑ f_{ijk}u^i ⊗ u^j ⊗ u^k.

It is noticed that F changes to (sgnσ)F by a permutation σ of indices, which is regarded as in S_3, the symmetric group of degree 3.

With data mentioned above, we can associate a tensor W_L(D) with a Jacobi diagram D ∈ B. First we assign the 3-tensor F [resp. an invariant 2-tensor t] to each trivalent vertex [resp. edge] in D. Next we contract all of the tensors, that is u^i of F and u_i (or v_i) of t should be evaluated according to connections of vertices and edges. The result is W_L(D) (Figure 2.2 is an example). If a Jacobi diagram D has k univalent vertices, then W_L(D) takes the value in L^{⊗k}. We call the map B → S(L) the weight system derived from L, where S(L) is the symmetrical algebra of L.

The weight system W_L preserves two relations AS and IHX, and thus we have the following proposition.

Proposition 2.2.1 W_L is a well-defined map from B to S(L).

Let us fix the support X and fix a representation R of L. We can also define weight systems on A(X), denoted by W_{L,R}, like as on B. Additionally, we assign R to a piece of supports to which a univalent vertex is connected (Figure 2.3). W_{L,R} preserves the relations AS, AS’, IHX, and STU, the defining relations of A(X).

Proposition 2.2.2 Assume that X has 2k boundary points (k > 0). Then W_{L,R} is a well-defined map from A(X) to End(V^{⊗k}_R ) where V_R is the representation space associated with R.

A Jacobi diagram in B can be considered as a part of a diagram with a support. In this paper, we do not discuss the differences depending on the choice of representations. Thus, we denote weight systems for both diagrams with and without supports by W_L.

−→

PSfrag replacements

−→ F ⊗ t ⊗ t ⊗ t

Figure 2.2: The evaluation of a weight system

PSfrag replacements

Figure 2.3: The evaluation around a support

Some formulas about evaluating W_L are shown. The first lemma assures us the evaluation is expressed by nested bracket products (Figure 2.2). Lemma 2.2.3 The part of a Jacobi diagram consisting of an edge and a trivalent vertex represents the bracket product of L. Precisely, contracting the diagram and two edges, to which the elements u_i and u_j are assigned, results in the assignment of [u_i, u_j] to the open edge. Proof. The evaluation is ( ∑ f_{ijk}u^i ⊗ u^j ⊗ u^k) ⊗ ∑ u_l ⊗ v_l → ∑ f_{ijk}u^i ⊗ u^j ⊗ u^k(u_l) ⊗ v_l = ∑ f_{ijk}u^i ⊗ u^j ⊗ v_k

and the result means the bracket product.

Lemma 2.2.4 Let L and L^′ be finite-dimensional Lie algebras with metrics. For D ∈ P, the following equality holds W_{L⊕L}′ (D) = W_L(D) + W_L′ (D).

PSfrag replacements

Figure 2.4: The graphical expression of Lemma 2.2.3

Proof. The commutativity of L and L^′ in L ⊕ L^′ implies the vanishing of the contraction around a vertex, like as follows.

PSfrag replacements

Hence, any term in the evaluation of W_{L⊕L}′ (D) consists of elements in either L or L^′.

The following lemma is indicated by the fact that connecting a chord into a vertex and removing it can be regarded as taking its dual a^∗ ↔ a.

Lemma 2.2.5 Let D be a Jacobi diagram with at least 2 univalent vertices. Let us consider the modification of D, obtained by removing a chord connected to a univalent vertex and by marking another univalent vertex. Then it defines an endomorphism of S(L) ⊗ L.

The lemma is clear by Figure 2.5. If an element g ⊗ v ∈ S(L) ⊗ L is plugged in the lowest vertex, then another element g ⊗ g_1 ⊗ g_2 ⊗ g_3 ⊗ v^′ ∈ S(L) ⊗ L is obtained.

PSfrag replacements −→

PSfrag replacements

−→

PSfrag replacements

Figure 2.5: A diagram with some univalent vertices induce an endomorphism

Lemma 2.2.6 Let D be a Jacobi diagram with a non-negative loop-degree. Fix an edge e of D which is a part of a loop. Then any term in W_L(D) can be expressed as a trace function of an endomorphism S(L) ⊗ L → S(L) ⊗ L.

Proof. Assume that labels on univalent vertices of D are fixed. Unplugging e defines an endomorphism^2 ϕ_D of S(L) ⊗ L as in the last lemma. It can be written as ϕ_D = ∑ a_{ij} u_j ⊗u^i where each a_{ij} is in S(L). Plugging e again induces the contraction as follows ∑ a_{ij}u_j ⊗ u^i → ∑ a_{ij} u^i(u_j) = ∑ a_{ii} = Trace ϕ_D

and the lemma is obtained.

Example. Let D_1 be a Jacobi diagram of loop-degree 1 without univalent vertices. It is decomposed into two brackets and a chord (Figure 2.6), and is mapped by W_L for a Lie algebra L like as

W_L(D_1) = Trace( ∑ i [u_i, [v_i, · ]]).

Similarly, it is remarked that, in evaluating on a diagram with a circle as a support, the result is presented as a trace of the fixed representation. For the diagram D_2 in Figure 2.7, W_L(D_2) = Trace( ∑ i R(u_i)R(u_i)).

D_1 = −→

PSfrag replacements

Figure 2.6: An example of the evaluation

The determination and researches, in particular the relations to topologies of knot-like objects, of the kernel of W_L for a Lie algebra L is an important problem and is related to the contents of this paper. If L has a central element c such that (c|c) ≠ 0, then we can deform the metric and invariant tensor t is changed

2Of course it depends on labels on univalent vertices, though we omit them in this proof.

D_2 = −→

PSfrag replacements

Figure 2.7: An example of the evaluation (with a support)

to t^′ = t + λc ⊗ c where λ is a parameter. By an appropriate choice of λ, W_{L,t}′

vanishes diagram having the part like [5]. This vanishing is often called ‘1T-relation’ or ‘framing-independence relation’ on the level of Jacobi diagrams. W_{L,t}′ defines framing independent link invariants.

In Chapter 4, we deal with weight systems of loop-order −1. It vanishes all Jacobi diagrams with some loops. It corresponds to the fact such weight systems do not pick informations about self-linkings.

Chapter 3

Proofs of theorems

In this chapter, theorems except for Theorem 4 are proved. Before proving main theorems of this paper, we review some structures of solvable Lie algebras with metrics. The structures and some evaluations in the algebras induce Theorem 1, Theorem 5. Theorem 2 is proved without detailed properties of Lie algebras. Theorem 3 is a natural consequence of these theorems. Theorem 4 is dealt in Chapter 4 In this chapter all Lie algebras are assumed to be finite dimensional and to have metrics. We also assume that every algebra is not a direct sum of two Lie algebras.

3.1 The structure of solvable Lie algebras with metrics

At first, an extension of Lie algebras are introduced. Let L_0 be a Lie algebra with the bracket [ · , · ]_0 and a metric ( · | · )_0. Let us consider a derivation d̄ of L_0 such that (d̄(x)|y) + (x|d̄(y)) = 0 for x, y ∈ L_0. Then the vector space L_0 ⊕ ⟨z, d⟩ has a structure of a metrized Lie algebra with the following bracket products [ · , · ] and metrics ( · | · ).

[x, y] = [x, y]_0 + (d̄(x)|y)z, [z, x] = [z, d] = 0, [d, x] = d̄(x), (x|y) = (x|y)_0, (c|c) = (d|d) = (c|x) = (d|x) = 0, (c|d) = 1.

Here x and y are in L_0. We often abuse the symbol d for the associated derivation d̄.

Proposition 3.1.1 ([12, Exercise 2.11]) Let L be a solvable n-dimensional Lie algebra with a metric. Then there exists a solvable Lie algebra L_0 such that

• L_0 is (n − 1)-dimensional, and L is an orthogonal direct sum of L_0 and a 1- dimensional Lie algebra ⟨c⟩ with (c|c) = 1 or,

• L_0 is (n − 2)-dimensional, and L is an extension with two additional generators described above.

The proposition says that any solvable Lie algebra is constructed with repeated extensions. Let us fix a non-negative integer k and denote by C^{(k)} a commutative Lie algebra generated by c^{(k)}_1 , c^{(k)}_2 , · · ·, c^{(k)}_{lk} . The algebra C^{(k)} is metrized by (c^{(k)}_i |c^{(k)}_j ) = δ_{ij} . For a solvable Lie algebra L, there exists an integer n and a sequence of solvable Lie algebras S_i = S_{i,}¯_{di} (0 ≤ i ≤ n) such that S_0 = {0} and S_n = L and S_{i+1} is an extension of the direct sum^1 S_i ⊕ C^{(i)} with a derivation d̄_{i+1} and a central element z_{i+1}.

Nilpotent Lie algebras are also solvable, and they are constructed with the same method. Moreover there is an explicit characterization.

Proposition 3.1.2 A solvable finite dimensional Lie algebra with a metric is nilpotent if and only if all d̄_i’s are nilpotent.

Proof. Let us take a sequence of solvable algebras {S_i}^n_{i=0} defined above. If S_n is nilpotent, then we can easily see the nilpotentness of all the derivations.

We prove that S_n is nilpotent by induction, under the assumption that all d̄_i’s are nilpotent. At first, it is clear that S_1 is nilpotent. Suppose that S_i is nilpotent for i < m. Let us consider the descending central series of S_m. The k-th algebra [S_m, [S_m, · · · , [S_m, S_m]]] k in the series consists of nested brackets of S_{m−1} and its images

by d̄_m. The nilpotentness of S_{m−1} and of d̄_m implies that those brackets and images are vanished for large k. Hence the k-th algebra vanishes and S_m is nilpotent.

3.2 Proofs of theorems

At first, we see the evaluations for wheel diagrams ω_l.

Lemma 3.2.1 For a Lie algebra L, W_L(ω_l) is expressed as

W_L(ω_l) = ∑ Trace([a_{i1} , [a_{i2} , [a_{i3} , · · · , [a_{il} , · ]]]])b_{i1} ⊗ b_{i2} ⊗ b_{i3} ⊗ · · · ⊗ b_{il}

where the summand corresponds to the following graphical expression, and where a_{ij} and b_{ij} are in L.

1It is remarked that commutative parts may be 0-dimensional. See the head of Chapter 5.

PSfrag replacements

Let us consider L as S_n, a solvable Lie algebra defined in the previous section. The summands in the lemma are like as

PSfrag replacements

,

PSfrag replacements

,

PSfrag replacements

,· · ·,

PSfrag replacements

,

where each b_{ij} is in S_{n−1}. It is noticed if there is no univalent vertex which is marked by z_n, then the corresponding term is considered as in W_{Sn−1} . Namely,

Trace([a_{i1} , [a_{i2} , [a_{i3} , · · · , [a_{il} , · ]]]])b_{i1} ⊗ b_{i2} ⊗ b_{i3} ⊗ · · · ⊗ b_{il} = Trace([a_{i1} , [a_{i2} , [a_{i3} , · · · , [a_{il} , · ]_0]_0]_0]_0)b_{i1} ⊗ b_{i2} ⊗ b_{i3} ⊗ · · · ⊗ b_{il} ,

and we have the following lemma.

Lemma 3.2.2

W_{Sn} (ω_l) = W_{Sn−1} (ω_l) +

(terms having z_n’s on

some univalent vertices ) . 3.2.1 The proof of Theorem 1

Theorem 1 is proved by the following two propositions.

Proposition 3.2.3 The loop-order of the weight system derived from a nilpotent Lie algebra is −1.

Proposition 3.2.4 If the loop-order of W_L derived from a Lie algebra L is −1, then L is nilpotent.

The proof of Proposition 3.2.3. It is elementary. Let L be a nilpotent Lie algebra. Let us consider a Jacobi diagram D of loop-degree ≥ 0 and we can take a loop with some trivalent vertices in D (Figure 3.1) which is isomorphic to a wheel diagram. Since any adjoint map [a, · ] of a nilpotent Lie algebra does not have the semisimple part, the traces in Lemma 3.2.1 vanish. Therefore the contraction is vanished on the whole of D. As a conclusion, if a Jacobi diagram D has a loop, then W_L(D) vanishes.

PSfrag replacements

Figure 3.1: A wheel part in the proof of Theorem 1

The proof of Proposition 3.2.4. We will prove the contraposition of the proposition. For non solvable algebras the loop-orders are positive (See Section 3.2.4), therefore we concentrate the solvable cases. Let L^′ be a solvable Lie algebra and L be an extension of it with a center z and a derivation d̄. Assume that d̄ is not nilpotent i.e. the algebra L is not nilpotent.

Let us recall the formula in Lemma 3.2.1, and consider the term of it such that all a_{ik} are equal to d̄ (thus b_{ik} is z). Explicitly, the term is expressed as

Trace([d, [d, · · · , [d, · ]]])z^{⊗l}. (3.1)

We can check that it does not vanished for some l as follows. Since the derivation d̄ is not nilpotent, we can take eigenvalues λ_1, λ_2, · · ·, λ_l of it all of which are not zero and their associated eigenvectors. Hence the trace of (3.1) is written as ∑ i λ^l_i.

If the loop-order of W_L is negative, then the sum ∑ i λ^l_i must vanish for all l, and it implies each λ_i is zero. It is a contradiction. Therefore there exists ω_l not vanished by W_L. In other words, if L is not nilpotent, then the loop-order of W_L cannot be negative.

3.2.2 The proof of Theorem 5

Theorem 5 is a direct consequence of the last subsection. We remark that Theorem 2 and Theorem 3, proved in the sequel, do not depend on the contents of this subsection.

Assume that L^′ is nilpotent and L is an extension of it with a center and non nilpotent derivation d. We can see that W_L(ω_l) has only one term

W_L(ω_l) = Trace([d, [d, · · · , [d, · ]]])z^{⊗l}.

Let D be a Jacobi diagram of loop-degree ≥ 1. Then D has a wheel ω_l as a sub diagram as pictured in Figure 3.1. In evaluation with W_L, some brackets with a central element z appear, and whole evaluation W_L(D) vanishes (Figure 3.2).

−→

PSfrag replacements

Figure 3.2: The last part of Theorem 5

3.2.3 The proof of Theorem 2

Let L be a Lie algebra. We suppose that a Jacobi diagram D of loop-degree ≥ 1 having l univalent vertices is not vanished by a weight system W_L. We will prove Theorem 2 by constructing another diagram having higher loop-degree and not being vanished by W_L.

In the evaluation W_L(D), a tensor expressed as D_{i1i2···il} u_{i1} ⊗ u_{i2} ⊗ · · ·⊗ u_{il} appear, where the j-th univalent vertex of D is marked by u_{ij} and where D_{i1i2···il} is the coefficient of it. In other words, W_L(D) = ∑ D_{i1i2···il} u_{i1} ⊗ u_{i2} ⊗ · · · ⊗ u_{il} where the summation runs all over possible ways of marking univalent vertices. The nonvanishing of W_L(D) implies the existence of non-zero D_{i1i2···il} for some u_{ij} ’s. Explicitly the coefficients are written by repeated brackets and traces,

D_{i1i2···il} = Trace( ∑ k [[u_{i1} , [u_{i2} , · · · , [u_{im} , u_k]]], [u_{im+1} , · · · , [u_{il} , [v_k, · ]]]]).

Let us take an edge of D, such that it connects to two trivalent vertices, and that the diagram obtained by removing the edge still contains a loop (edges connecting to univalent vertices will be moved away with the IHX relation, if necessary). By unplugging the distinguished edge, we can define an endomorphism ϕ_D′ of L, and it is written as

ϕ_D′ = ∑ k [[u_{i1} , [u_{i2} , · · · , [u_{im} , u_k]]], [u_{im+1} , · · · , [u_{il} , [v_k, · ]]]].

The non-vanishing of Trace(ϕ_D′ ) implies the existence of its eigenvalues {λ_i} at least one of which is not zero. Therefore, Trace(ϕ_D′ )^k = ∑ λ^k_i is not zero for some k > 1 and it implies that non-vanishing of the trace. The endomorphism (ϕ_D′ )^k corresponds to a connected Jacobi diagram D_k which is a chain of D (Figure 3.3) and is linearly independent of the other terms in W_L(D_k). Hence a Jacobi diagram of loop-degree k > 1 which is not vanished by W_L is obtained. This completes the proof of Theorem 2.

D = The edge in the center is not connected to univalent vertices.

D_{ij} = W_L(

PSfrag replacements ) = Trace ( W_L(

PSfrag replacements ) )

= Trace( ∑ k [[v_i, u_k], [[v_k, · ], v_j]])u_i ⊗ u_j

D_k =

k PSfrag replacements

Figure 3.3: The proof of Theorem 2

3.2.4 The proof of Theorem 3

Let L be a Lie algebra. We notice that Theorem 1 implies −1 is only possible loop-order which is negative. Suppose that the loop-order of W_L is neither −1 nor 0, namely it is positive. Then there exist a Jacobi diagram D such that it is not vanished by W_L and its loop-degree is larger than or equal to 1. Due to Theorem 2, we can see the loop-order is ∞.

Theorem 1 and Theorem 5 say existences of weight systems of loop-orders −1 and 0 respectively, and the lemma below assures existences of weight systems of loop-orders ∞. It completes the proof of Theorem 3.

Lemma 3.2.5 Let L be a Lie algebra which is not solvable. Then there exists a Jacobi diagram D having a positive loop-degree such that W_L(D) ≠ 0.

Proof. At first we discuss the case L = g is semisimple. It is clear that there exist Jacobi diagrams having sufficiently large loop-orders because of the semisimplicity of g. For a not solvable Lie algebra L, let us define L^′ as the quotient of L by its maximal solvable ideal. It is noticed that L^′ is semisimple. The evaluation W_L(D^′) for a Jacobi diagram D^′ has terms whose contractions consist of elements in L^′. Let us choose D^′ which is not vanished by W_L′ and which has a large loop-degree, and it is not also vanished by W_L.

Chapter 4

Weight systems and nilpotent Lie algebras

In this chapter, we define a class of nilpotent Lie algebras and research the weight system derived from them. Those algebras are tensor products of metrized Lie algebras and nilpotent associative algebras. The fact, those algebras have invariant metrics, proves Theorem 4 (it is essentially Corollary 4.1.2). We also see that those nilpotent Lie algebras are related to the Milnor invariants of string links (Theorem 7).

4.1 Algebras and weight systems

Let g be a semisimple Lie algebra. We can take on it a non-degenerate invariant bilinear form ( · | · ), called the Killing form. Let us denote by {u_1, u_2, · · · , u_m} and {v_1, v_2, · · · , v_m} two bases of g satisfying (u_i|v_j ) = δ_{ij} . Then it is known that an invariant 2-tensor can be written as ∑ (u_i ⊗ v_i + v_i ⊗ u_i).

Let n be a positive integer and X be an indeterminate. We define an associative algebra without the unit as ( ⨁ i≥1 CX^i)/(X^{n+1}) and denote it by N(n). The tensor product g(n) = g ⊗ N(n) is a Lie algebra^1 with the bracket product

[a ⊗ X^i, b ⊗ X^j] = [a, b] ⊗ X^{i+j},

where a and b are in g and the bracket in the RHS is of g. One can check easily that g(n) is finite-dimensional and is nilpotent. In the rest of this chapter, we write a ⊗ X^i ∈ N(n) as a^{(i)} for short. It is clear that a^{(k)} = 0 for k > n. The algebra g(n) also has a non-degenerate invariant bilinear form ( · | · )^′ defined by

(a^{(i)}|b^{(j)})^′ = (a|b)δ_{i+j,n+1}

1It is found in the book [22].

and hence an invariant 2-tensor exists and is expressed as t = ∑ 1≤i≤n ∑ j u^{(i)}_j ⊗ v^{(n+1−i)} j . Example. Let us take g = sl_2. It is generated by x, y, and h with relations [h, x] = 2x, [h, y] = −2y, and [x, y] = h. An invariant 2-tensor of sl_2 with respect to the Killing form is^1_2 h ⊗ h + x ⊗ y + y ⊗ x. Then, the nilpotent Lie algebra sl_2(n) = sl_2 ⊗ N(n) is generated by h^{(1)}, x^{(1)} and y^{(1)}, and an invariant 2-tensor of sl_2(n) is given by t = ∑ i(^1_2 h^{(i)} ⊗ h^{(n+1−i)} + x^{(i)} ⊗ y^{(n+1−i)} + y^{(i)} ⊗ x^{(n+1−i)}).

We can define the weight system W_{g(n)} following Chapter 2 and we evaluate it now. The nilpotentness of g(n) implies that its loop-order is −1 and we have the following results.

Let k > 0 be an integer and consider a set S_k = {(a_1, a_2, · · · , a_{k+1})|a_i ∈ N, ∑ a_i = k(n + 1)}. Three facts are noticed. For (s_1, s_2, · · · , s_{k+1}) ∈ S_k each s_i is greater than k − 1 and smaller than n + 1, a tree connected Jacobi diagram of degree k has k + 1 univalent vertices, and for a metrized Lie algebra L and for a Jacobi diagram D, W_L(D) ∈ S(L).

Proposition 4.1.1 Let D be a connected tree Jacobi diagram of degree k and write down W_g(D) = ∑ i g_{i,1} ⊗ g_{i,2} ⊗ · · · ⊗ g_{i,k+1}, where each g_{i,j} is in g. Then,

W_{g(n)}(D) = ∑ S_k ∑ i g^{(s1)}_{i,1} ⊗ g^{(s2)}_{i,2} ⊗ · · · ⊗ g^{(sk+1)}_{i,k+1} ,

where (s_1, s_2, · · · , s_{k+1}) ∈ S_k. Moreover, if k is greater than n−1, then W_{g(n)}(D) = 0.

For each term in W_{g(n)}(D), g^{(sj )}_{i,j} is assigned to the j-th univalent vertex. We call s_j the level of the vertex in the term.

Proof. It is observed easily that W_{g(n)}(D) is written as a summation of expressions ∑ i g^{(s1)}_{i,1} ⊗g^{(s2)}_{i,2} ⊗· · ·⊗g^{(sk+1)}_{i,k+1} . We will check that it is summed up over S_k by induction.

First, for degree 1, that is D is a single chord, the diagram is mapped to the invariant 2-tensor t. Thus s_1 + s_2 = n + 1 (the sum of levels of terms in t) holds. Second, we will check for diagrams of degree 2, it has only one trivalent vertex. The evaluations are as follows, focusing on the levels.

PSfrag replacements

It shows the equality s_1 + s_2 + s_3 = 2(n + 1). Assume that ∑ s_i = k(n + 1) for less than or equal to k − 1 (k > 1). D has a trivalent vertex which is connected to two univalent vertices, and the labels of these univalent vertices are assumed to be k and k + 1. Unplugging the edge connecting to the trivalent vertex (see the figure below) makes a Jacobi diagram D^′ of degree k − 1.

PSfrag replacements

Let s^′ be the level of the univalent vertex generated by unplugging and we have ∑_{k−1}

l=1 s_l + s^′ = (k − 1)(n + 1) by the assumption. Plugging the edge again determines the value of s_{k+1} as follows

s_{k+1} = s^′ + (n + 1 − s_k).

Therefore, the sum of levels in D is k(n + 1) by the following calculation.

k+1∑ l=1 s_l = k−1∑ l=1 s_l + s_k + (s^′ + n + 1 − s_k)

= (k − 1)(n + 1) + n + 1 = k(n + 1).

The following corollary is a direct consequence of the last proposition.

Corollary 4.1.2 Let D be a tree connected Jacobi diagram in B of degree < n. Then W_{g(n)}(D) ≠ 0.

Example. Let us consider sl_2(5) defined in the previous example. Let D be a tree Jacobi diagram of degree 2. The evaluation of W_{sl2} (D) is PSfrag replacements −

PSfrag replacements

+

PSfrag replacements

− PSfrag replacements +

PSfrag replacements

−

PSfrag replacements

and the fact, the set S_2 consists of (3, 1, 1), (2, 2, 1) and their permutations, lead us to the calculation of W_{sl2(5)}(D). It is

W_{sl2(5)}(D) =

PSfrag replacements −

PSfrag replacements

+

PSfrag replacements

+ · · ·

+ PSfrag replacements −

PSfrag replacements

+

PSfrag replacements

+ · · ·

+ PSfrag replacements −

PSfrag replacements

+

PSfrag replacements

+ · · ·

+ · · · .

Remark. There are not many nilpotent Lie algebras with metrics [24]. Many nilpotent Lie algebras are realized as graded vector subspaces in Kac-Moody algebras [27], therefore generalized Cartan matrices of them are assigned as invariants of nilpotent Lie algebras. Let fix such a nilpotent Lie algebra. If its generalized Cartan matrix is of finite type, then there exist invariant bilinear forms but they are degenerate. Although we can define a weight system from such an algebra, it vanishes all Jacobi diagrams except for a single chord and a diagram like the letter ‘Y’ (degree 2 tree diagram). If the generalized Cartan matrix is of indefinite type, then there are a few invariant bilinear forms. Only for affine generalized Cartan matrices there are efficient nilpotent algebras. Algebras defined in this section are examples of such algebras.

4.2 Relations to the Milnor invariant of string links

In [9], Habegger and Masbaum discussed quantum invariants of string links, in particular link-homotopy/concordance invariants.

A string link is an extension of a pure braid. A component of a string link can go both upward and downward locally, and can has maximal/minimal points and self-linkings (Figure 4.1).

Figure 4.1: A 2-string link

In this section, the supports of Jacobi diagrams are fixed to l segments. Let us recall the space of such Jacobi diagrams are denoted by A(l).

We define two types of quotients of A(l). The algebra A^t(l) is a quotient by the subspace consisting of diagrams with non-simply connected webs. In other words, the subspace is generated by the diagrams with a web of loop-degree > 0.

Remark. We assign the index of the strand to each univalent vertex, on which the vertex stand, and we can forget the supports of Jacobi diagrams by the following reason. If there are two univalent vertices on the same strand, then they can be permuted due to the STU relation. Hence diagrams are independent of the order of univalent vertices on the same strand.

We define the second quotient A^h(l). Let us consider the subspace generated by diagrams such that at least two univalent vertices in each diagram is attached to the same component of the support. The algebra A^h(l) is defined as the quotient of A^t(l) by the subspace. Of course we can forget the strands of diagrams in A^h(l).

The Kontsevich invariant of string links is a linear map Ẑ : {l-string links} → A(l). It is naturally defined the linear map Ẑ^t : {l-string links} → A^t(l). (Ẑ^h is also defined similarly). See [9] in order to check the definition of the Milnor invariants of string links.

Theorem 6 ([9, Theorem 6.1]) Let σ be an l-string link. Assume that Ẑ^t(σ) − 1 does not have terms of degree < n, that is

Ẑ^t(σ) = 1 + ξ + (terms of deg > n),

where ξ is connected tree Jacobi diagram of deg = n. Then the first non-vanishing Milnor invariants of σ are determined by ξ.

This theorem says that only tree Jacobi diagrams are needed to calculate the Milnor invariants. Let us recall that weight systems defined in the previous subsection pick up only such diagrams. It is remarked that a weight system w is modified to ŵ according to the rule ŵ(D) = w(D)h^{deg D} where h is a parameter.

Theorem 7 For a string link σ, the value Ŵ_{g(n)} ∘ Ẑ(σ) is a polynomial in parameter h whose degree is at most n. Moreover the lowest terms of it induce the Milnor invariants of σ.

Proof. It is a direct consequence of Theorem 6 and Proposition 4.1.1.

Let us remember that a representation corresponds to a strand of string links. Precisely for D ∈ A(l) and for a representation (R, V ), W_{g(n),R}(D) induces an endomorphism of V^{⊗l}.

Let us take the adjoint representation of g(n) denoted by ad. In the rest of this section, we show that W_{g(n),}ad realizes the projection A(X) → A^h(X)/(deg > n).

Let D be a connected tree Jacobi diagram in A(l) of degree k. The image of v^{(i1)}_1 ⊗ v^{(i2)}_2 ⊗ · · · ⊗ v^{(il)}_l ∈ V^{⊗l} = g(n)^{⊗l} mapped by W_{g(n),}ad(D) is a summation of tensors like as w^{(j1)}_1 ⊗ w^{(j2)}_2 ⊗ · · · ⊗ w^{(jl)}_l where each w^{(ji)}_i is in V .

Lemma 4.2.1 With the notations above, ∑ p j_p = ∑ p i_p + k(n + 1) holds for any term in W_{g(n),}ad(D)(v^{(i1)}_1 ⊗ v^{(i2)}_2 ⊗ · · · ⊗ v^{(il)}_l ).

Proof. In adjoint representation, an element a^{(i)} ∈ g(n) raises the level of elements in V by i. With the same notations in Proposition 4.1.1, a univalent vertex in D means the action on V by g^{(sj )}_{i,j} . Hence, the account of the changes of levels are ∑ j s_j = k(n + 1). It proves the proposition.

Proposition 4.2.2 The weight system W_{g(n),}ad annihilates a diagram such that two univalent vertices in it lie in the same strand.

Proof. Assume that the i-th and j-th univalent vertices are connected to a strand c, and that to the vertices two elements a^{(si)}_i and a^{(sj )}_j in g(n) are assigned. The following inequality,

s_i + s_j ≥ k(n + 1) − n(k − 1) = k + n

is clear by Lemma 4.2.1. Thus, along the strand c, v^{(p)} ∈ V is transformed to (a_ia_j · v)^{(p+k+n)}, which is vanished in V = g(n).

Chapter 5

Weight systems derived from solvable Lie algebras

The next example is solvable but not nilpotent Lie algebras. The typical one is Heisenberg Lie algebras. It is constructed from the viewpoint of solvable Lie algebras with metrics (Chapter 3) as follows. S_1 = ⟨z_1, d_1⟩, S_i = S_{i−1} ⊕ ⟨z_i, d_i⟩ with d̄_i ≡ 0 (2 ≤ i ≤ n) and S_{n+1} = S_n ⊕ ⟨z_{n+1}, d_{n+1}⟩ with the derivation d̄_{n+1} defined as

d̄_{n+1}(z_i) = z_i, d̄_{n+1}(d_i) = −d_i

for 1 ≤ i ≤ n. But we define by another way, from the viewpoint of triangular decompositions.

5.1 Weight systems derived from Heisenberg Lie algebras

Many results in the section are direct consequences of Section 3.2. In addition to them, we show a relations to knot invariants^1.

5.1.1 Heisenberg Lie algebras

The Heisenberg Lie algebra H_n is generated by (2n + 2) symbols {x_1, x_2, · · · , x_n, y_1, y_2, · · · , y_n, c, d}, and non-vanishing bracket products of them are followings.

[x_i, y_i] = c, [d, x_i] = x_i, and [d, y_i] = −y_i.

1The contents of the section is a summary of [23].

The metric of H_n that we use is defined for generators as follows. (x_i|y_i) = (c|d) = 1, (c|c) = λ and other pairs are zero, where λ is a parameter. Invariant 2-tensors are obtained by taking duals, explicitly, t = λc ⊗ c + (c ⊗ d + d ⊗ c) + ∑ i (x_i ⊗ y_i + y_i ⊗ x_i).

A linear representation of H_n is infinite-dimensional if it is not trivial. The nontrivial ones are realized as a polynomial ring. Let P_n be a polynomial ring with variables z_1, z_2, . . ., z_n. On a monomial μ in P_n, generators of H_n act as c · μ = cμ, d · μ = −(deg μ)μ, x_i · μ = c ∂ ∂z_i μ, and y_i · μ = z_iμ, where we abuse the symbol c, it also expresses the eigenvalue appearing in the action of the generator c.

5.1.2 Weight systems on webs

Throughout the section, the weight system derived from H_n is denoted by W_n.

Because of Theorem 5, the loop-order of W_n is 0. The explicit evaluations are followings.

Proposition 5.1.1 The tensor W_n(D) is non-zero for only three types of Jacobi diagrams.

1. A chord: W_n(D) = t = λc ⊗ c + (c ⊗ d + d ⊗ c) + ∑ i(x_i ⊗ y_i + y_i ⊗ x_i).

2. deg = 2 tree: W_n(D) = − ∑ i ∑ σ∈S_3 (−1)

sgnσσ(z ⊗ x_i ⊗ y_i), where S_3 is the symmetric group of order 3 and σ acts on H^{⊗3}_n as a permutation.

3. A serial tree, each trivalent vertex in it connects at least one univalent vertex(depicted in Figure 5.1). The value W_n(D) is ∑ i {(x_i ⊗ z − z ⊗ x_i) ⊗ z^{⊗(l−2)} ⊗ (z ⊗ y_i − y_i ⊗ z)

+(−1)^l(y_i ⊗ z − z ⊗ y_i) ⊗ z^{⊗(l−2)} ⊗ (z ⊗ x_i − x_i ⊗ z)} where l is the degree of D.

4. A wheel: W_n(ω_k) = { 2nc^{⊗k} (k is even) 0 (odd)

We show in Figure 5.1 that the evaluations. There is a remark. The commutativities and orthogonalities of generators of different indices implies that a non-vanishing term in W_n(D) is contracted with x_i, y_i, c and d where i is fixed (c.f. Lemma 2.2.2). Thus it is sufficient to see with x_1 and y_1.

PSfrag replacements

Figure 5.1: Non-vanishing diagrams

5.1.3 Weight systems on supported Jacobi diagrams

Here we discuss the cases the support is a circle, or a single segment, referred an ‘arrow’.

If the support of a Jacobi diagram has some circles, then W_n always diverges. It is the reason that it is a trace of a representation (See Lemma 2.2.6), and the representations we use are infinite-dimensional. However some quantities are obtained if the support is a circle. Because it is well known that Jacobi diagrams on a circle and on an arrow are equivalent (See Figure 5.2).

Lemma 5.1.2 ([2]) Let D̂ be a Jacobi diagram on a circle. Let D_1 and D_2 be Jacobi diagrams on an arrow obtained by cutting the support of D̂ at distinct points p_1 and p_2 respectively. Then D_1 and D_2 equal in A(1).

For D ∈ A(1) obtained by cutting the support of D̂ ∈ A(S^1), a scalar function W^′_n(D̂) is defined as W_n(D). It is well-defined because of the next lemma. It is derived from the irreducibility of the polynomial representation and Schur’s lemma.

Lemma 5.1.3 The value of the weight system W_n(D) is the scalar multiplication operator P_n → P_n for D ∈ A(1).

PSfrag replacements ←−

PSfrag replacements −→ PSfrag replacements

Figure 5.2: An example of Lemma 5.1.2

The next proposition is a specialization of Proposition 5.1.1. The diagram with a single chord on a circle is denoted by Θ, and a wheel ω_l on a circle is done by ω̂_l.

Θ = ω̂_6 =

It is noticed that on A(S^1) (or A(1)) tree diagrams are transformed to diagrams having loops with STU relation

=^1_2 ( − ) =^1_2 . Proposition 5.1.4 The values of W^′_n on A(S^1) are as follows.

W^′_n(D̂) = λc^2 + nc if D̂ = Θ, 2nc^{2l} if D = ω̂_{2l}, 0 otherwise.

The Alexander-Conway polynomial C(K; h) for a framed knot K is a power series in the formal parameter h defined by the following two rules: C(unknot; h) = 1, C(K_+; h) − C(K_−; h) = (e^{h2} − e^{− h2} )C(K_0; h).

Here, three knots K_+, K_− and K_0 are identical except for small balls in them. Inside of the balls are the followings.

K_+ K_− K_0

The Kontsevich invariant maps a knot to a series of Jacobi diagrams on S^1. As in Chapter 4 we modify a weight system w to ŵ with the rule ŵ(D) = w(D)h^{deg D}.

There is a formula that coefficients of the Alexander-Conway polynomial relate to the Kontsevich invariant of knots. Suppose that C(K; h) for a knot K is expanded as follows.

C(K; h) = exp(−2 ∞∑ m=1 d_{2m}(K)h^{2m}).

Suppose that C(K; h) for a knot K is expanded as follows.

C(K; h) = exp(−2 ∞∑ m=1 d_{2m}(K)h^{2m}).

Theorem 8 ([5]) The following formula holds.

Ẑ(K) = exp(f(K) 2 Θ + ∞∑ m=1 d_{2m}(K)ω̂_{2m} + X),

where f is the framing of K, and X is a sum of Jacobi diagrams of loop-degree > 0.

The product in the exponential map is the connected sum, which corresponds to the product of (1, 1)-tangles, and that of Jacobi diagrams on an arrow.

By applying Ŵ^′_n to the expression in Theorem 8, we have the following formula, on quantum invariants derived from Heisenberg Lie algebras. It also indicates that the resulting invariants are framing independent if λ = −^n_c .

Theorem 9 The quantum invariant of knots τ_{n,c,λ} defined by Ŵ^′_n ∘ Ẑ is the negative power of the Alexander-Conway polynomial. More explicitly, with the same notations above the following equality holds

τ_{n,c,λ}(K) = exp( f(K)(λc + n) 2 ch) 1 C(K; ch)^n . 5.1.4 Evaluations for horizontal diagrams

In this subsection, all Jacobi diagrams are supposed to be on k oriented segments. They are put vertically, and are oriented to the upper. They are labeled by numbers from the left to the right. The product on A(k) is defined as the contraction of the tails of intervals with the heads of intervals, and thus A(k) is an algebra. Of course the Lie bracket [s_1, s_2] (s_1, s_2 ∈ A(k)) is defined as the difference s_1s_2 − s_2s_1. Moreover this (bracket) product is compatible with weight systems dealt in this paper. Precisely, for a weight system w and s_1, s_2 ∈ A(k), w(s_1s_2) = w(s_1)w(s_2).

PSfrag replacements

Figure 5.3: The product s_1s_2

In this subsection, the image by W_1 on A(k) are discussed, especially on A(k) as a Lie algebra. We restrict Jacobi diagrams so that all webs are horizontal intervals, and the relations of Jacobi diagrams are reduced to the 4-term relation presented as follows (and their permutations)

− = − .

Let us fix k to be 3, and denote elementary Jacobi diagrams in A(3) as in Figure 5.4 by T_1 and T_2, respectively.

Figure 5.4: Jacobi diagrams T_1 and T_2.

Lemma 5.1.5 The weight system W_1 maps a Lie algebra A(3) to a three-dimensional free module over the polynomial ring generated by c_1 = c ⊗ 1 ⊗ 1, c_2 = 1 ⊗ c ⊗ 1 and c_3 = 1⊗1⊗c. Generators of the module are a tensor Q = [t⊗1, 1⊗t] and [W_1(T_i), Q] (i = 0, 1).

The explicit expression of Q is as follows.

Q = [t ⊗ 1, 1 ⊗ t] = c ⊗ x ⊗ y − c ⊗ y ⊗ x − x ⊗ c ⊗ y +x ⊗ y ⊗ c + y ⊗ c ⊗ x − y ⊗ x ⊗ c.

The next is the case k = 4. The commutators of the permutations of Q’s are simple in the case. They are obtained by direct calculations and by reflections. We use the following convention. Let A = a_1 ⊗ a_2 ⊗ a_3 be a tensor. A_{ijk} is a tensor a^′_1 ⊗ a^′_2 ⊗ a^′_3 ⊗ a^′_4 determined by the rule a^′_i = a_1, a^′_j = a_2, a^′_k = a_3, and the rest is 1. It is remarked that the notations c_1, c_2, and c_3 defined above are compatible with these conventions and that the reflection Q_{321} equals −Q.

Lemma 5.1.6 The commutators of Q_{ijk}’s are the following.

[Q_{234}, Q_{123}] = c_2c_3(Q_{134} + Q_{124}), [Q_{234}, Q_{134}] = −c_3c_4(Q_{124} + Q_{123}), [Q_{234}, Q_{124}] = c_2c_4(Q_{134} − Q_{123}), [Q_{134}, Q_{123}] = c_1c_3(Q_{124} − Q_{234}), [Q_{134}, Q_{124}] = −c_1c_4(Q_{123} + Q_{234}), and [Q_{124}, Q_{123}] = −c_1c_2(Q_{234} + Q_{134}).

We can calculate the image of an associator by above formulas. Invertible elements Φ in A(3) and R in A(2) are called an associator and an R-matrix respectively if they satisfy the following three equalities,

Δ_3(Φ^{−1})Δ_0(Φ)Δ_2(Φ)Δ_4(Φ)Δ_1(Φ^{−1}) = 1 (Pentagon), Δ_1(R) = Φ_{312}R_{13}(Φ^{−1})_{132}R_{23}Φ (Hexagon), Φ_{321} = Φ^{−1} (Unitarity).

By Drinfeld^2 [8] there is an associator such that φ = log Φ can be a power series each term of which is a nested bracket product c_ν [a_1, [a_2, [a_3, · · · , [a_{2k−1}, a_{2k}] · · ·]]], where each a_i is either of two generators T_1 and T_2, and c_ν is a coefficient.

Let us define Φ_W as Ŵ_1(Φ) and define three polynomials,

α = −(c_1c_2 + c_2c_3 − c_1c_3 + c^2), β_1 = (c_1 + c_2)^2, and β_2 = (c_3 + c_2)^2.

By the fact that φ consists of terms of even degrees and by Lemma 5.1.5, the coefficients of Ŵ (φ) can be regarded as a power series in h and the coefficients are polynomials in α, β_1 and β_2. Proposition 5.1.7

Φ_W = exp[( ∑ k φ_{2k}h^{2k})Qh^2],

2He has not researched on the level of Jacobi diagrams, but on the level of quantized enveloping algebras of semisimple Lie algebras.

where φ_{2l} = ∑ i≥0,j≥k≥0,i+j+k=l

a_{i,jk}α^iβ^j_1β^k_2 ,

with the conditions a_{i,jk} = a_{i,kj}.

By a computation with Maple, we can see that the coefficients a_{i,jk} (i + j + k < 3)are given by

φ(h) = a − { 1 10 α + 2 5 (β_1 + β_2) } a^2h^2 + { 2 105 α^2 + 6 35 α(β_1 + β_2) + 8 35 (β_1^2 + β_2^2) + 13 42 β_1β_2 } a^3h^4 + { − 3 700 α^3 − 12 175 α^2(β_1 + β_2) − 6 35 α(β^2_1 + β^2_2 ) − 493 1400 αβ_1β_2 − 24 175 (β^3_1 + β^3_2 ) − 7 25 (β^2_1 β_2 + β_1β^2_2 ) } a^4h^6 +(terms of degree ≥ 8)

where a = a_{0,00} = −^1_{24} .

Remark. The computation of Φ_W is achieved by Lieberum [18]. He has decided the equation with the unique solution φ, and present the solution explicitly. Although he has started with the Lie superalgebra gl(1|1), the derived weight system is similar to W_1, especially they coincide for horizontal diagrams. To compute Φ_W , he has not used the Pentagon relation but the trivalent graph which is the skeleton of the tetrahedron.

5.2 Other examples

We calculate weight systems derived from solvable Lie algebras S_1, S_2 and S_3 defined in Chapter 3. From S_1 and S_2 weight systems of loop-order at most 0 are obtained. W_{S3} is an example of loop-order ∞, which comes from non semisimple Lie algebras.

Let V be an n-dimensional vector space with metric ( · | · ) and {u_i} and {v_j } be two bases of V satisfying (u_i|v_j) = δ_{ij} . The translation of the two bases are written by a square matrix T . Let ϕ be an endomorphism of V satisfying (ϕ(x)|y)+(x|ϕ(y)) = 0.

Lemma 5.2.1 The matrix A presenting ϕ has the property,

T^tA + AT = 0.

As in Chapter 3, C^{(0)} is a commutative Lie algebra generated by c^{(0)}_i (1 ≤ i ≤ k_0), and S_1 is an extension of C^{(0)} with two generators z_1 and d_1. Due to the lemma above and the fact that the translation T is a identity matrix, the associated derivation d̄_1 is presented by an alternating matrix of size k_0.

The property of W_{S1} is clear. S_1 is an extension of a nilpotent Lie algebra and Theorem 5 says that such an algebra derives a weight system of loop-order at most 0. Let us consider another commutative algebra C^{(1)} and construct S_2 with S_1 and the commutative algebra. We assume that Ker[d_1, · ] is trivial, especially ad_{d1} is not nilpotent on S_1. The translation of dual basis is presented by a matrix as follows.

I_{k0} O O O σ O O O I_{k1}

Here I_k means an identity matrix and σ = ( 0 1 1 0 ) . Hence d̄_2 is presented by

A_{11} A_{12} A_{13} −σ^tA_{12} A_{22} A_{23} −^tA_{13}^t(σA_{23}) A_{33} ,

where A_{11} and A_{33} are alternating matrices and A_{22} satisfies A_{22}σ +^t(A_{22}σ) = 0. Moreover, the fact that the central elements are mapped into the center by the

derivation d_2 implies that A_{22} = ( a 0 0 −a ) for some scalar a and that A_{13} and the

second column of A_{12} (corresponding to the generator z_1) are zero.

Now we will evaluate W_{S2} . First notice that W_{S2} (ω_l) has the part W_{S1} (ω_l) (c.f. Formula (3.2.2)). The results are the sum of tensors like as z_{i1} ⊗ z_{i2} ⊗ · · · ⊗ z_{il} where i_j ∈ {1, 2}. Let D be a Jacobi diagram depicted in Figure 5.5, where the ordering univalent vertices in it is indicated by the numbers. The evaluation of the wheel part is Trace(d_{i1} d_{i2} d_{i3} )z_{i1} ⊗ z_{i2} ⊗ z_{i3} . Since z_1 is not commutative in S_2 with d_2 only, a univalent vertex labelled by z_1 can be inserted in another vertex. However, W_{S2} is of loop-order 0. Finally,

W_{S2} (D) = (Trace(d^3_1))z_1 ⊗ z_2 ⊗ z_2 ⊗ z_1 +(Trace(d^2_1d_2))(z_2 ⊗ z_2 ⊗ z_2 ⊗ z_1 + z_1 ⊗ z_2 ⊗ z_2 ⊗ z_2) +(Trace(d_1d^2))z_2 ⊗ z_2 ⊗ z_2 ⊗ z_2.

A branched wheel, like as depicted in the same figure, appears as a diagram in A(S^{⊔n}) or A(n) except for^3 n = 1.

A similar procedure makes an algebra S_3. In this case, z_1 is no longer commutative with c^{(0)}_i ’s and W_{S3} picks a Jacobi diagram with some loops.

3For n = 1, branched wheels do not appear. See Proposition 5.1.4.

PSfrag replacements

PSfrag replacements

Figure 5.5: Non-vanishing of W_{S2}

Chapter 6

Problems

Weight systems having positive loop-orders. It is still a problem to construct a weight system of loop-order ≥ 1 and ≤ ∞. The proof of Theorem 2 seems generic, indeed the theorem can be applied to weight systems defined as contracted tensors. We should take other ways to find weight systems having positive and finite looporders, they may be defined with global properties of Jacobi diagrams, and with coefficients which are not complex numbers, etc.

The meaning of loop-degrees from representations. Due to Theorem 3 looporders are classified to three cases. What is the reason? The three possibilities −1, 0, and ∞ seems to correspond the degrees of series (1 + x)^1, (1 + x)^0 and (1 + x)^{−1}. Constructions of string link invariants by another way. As described in Chapter 1, quantum invariants can be defined in two ways. One of them is by Turaev, the definition with quantum groups and another is by Bar-Natan and Kontsevich, defined with the Kontsevich invariant and (ordinary) Lie algebras. The definition with the Kontsevich invariant is suitable to see how topologies and geometries of knot-like objects (they are knots, links, braids, string links, 3-manifolds, etc.) appear in the whole of quantum invariants([] and the present paper). On the other hand, the definition with quantum groups is suitable to calculate invariants of concrete knot-like objects.

In Chapter 4 of this paper, we show the nilpotent Lie algebra g(n) corresponds to the Milnor invariants of string links, by use of the Kontsevich invariant. If we translate it to a quantum invariant defined with a quantum group, then we have formulas to calculate the Milnor invariants easily.

Weight systems derived from solvable Lie algebras. Nilpotencies of Lie algebras are related to loop-order −1 (Theorem 1). However, detailed investigations on weight systems derived from solvable Lie algebras are not done. In particular, the determinations of kernels of those weight systems are left.

Classification of weight systems by that of Lie algebras There is a map {metrized Lie algebras} → {weight systems} Is it injective or surjective? Are there partial results?

Bibliography

[1] Akutsu, Y. and Wadati, M., Knot invariants and the critical statistical systems, J. Phys. Soc. Jpn. 56 (1987), 839-842.

[2] Bar-Natan, D., On the Vassiliev knot invariants, Topology 34 (1995), 423-472.

[3] , Non-associative tangles, Stud. Adv. Math.,2 (1997), 139-183.

[4] , Vassiliev homotopy string link invariants, J. Knot Theory Ramifications 4 (1995), 13-32.

[5] Bar-Natan, D. and Garoufalidis, S., On the Melvin-Morton-Rozansky conjecture, Invent. Math. 125 (1996), 103-133.

[6] Bar-Natan, D., Garoufalidis, S., Rozansky, S., and Thurston, D. Wheels, wheeling, and the Kontsevich integral of the unknot, Israel Jour. Math. 119 (2000), 217-237.

[7] Drinfeld, V.G.,Hopf algebras and the quantum Yang-Baxter equation, Dokl.

Akad. Nauk SSSR 283:5 (1985), 1060-1064. English transl.: Soviet Math. Dokl. 32 (1985), 254-258.

[8] , On quasitriangular quasi-Hopf algebras and a group closely connected with Gal(Q̄/Q), Algebra i Analiz 2:4 (1990), 149-181. English transl.:Leningrad Math. J. 2 (1991), 829-860.

[9] Habegger, N. and Masbaum, G., The Kontsevich integral and Milnor’s invariants, Topology 39 (2000) 1253-1289.

[10] Jones, V., A polynomial invariant for knots via von Neumann algebras, Bull.

Amer. Math. Soc. 12 (1985), 103-111.

[11] , On knot invariants related to some statistical mechanical models, Pacific J. Math. 137 (1989), 311-336.

[12] Kac, V. G., Infinite dimensional Lie algebras (3rd ed.), Cambridge University Press, 1990.

[13] Kassel, C., Quantum Groups, GTM 155, Springer-Verlag, 1994. [14] Kontsevich, M., Vassiliev’s Knot Invariants, Adv. in Soviet Math.16 (1993) 137- 150.

[15] Kricker, A., Alexander-Conway limits of many Vassiliev weight systems, J. Knot Theory Ramifications 6 (1997) 687-714.

[16] , Covering spaces over claspered knots, preprint, math-GT/9901029. [17] Lieberum, J., On Vassiliev Invariants not coming from semisimple Lie algebras, J. Knot Theory Ramifications 8 (1999) 659-666.

[18] , The Drinfeld associator of gl(1|1), preprint, math.QA/0204346. [19] Le, T. T. Q. and Murakami, J., Kontsevich’s integral for the HOMFLY polynomial and relations between values of multiple zeta functions, Topology Appl. 62 (1995) 193-206.

[20] and , The universal Vassiliev-Kontsevich invariant for framed oriented links, Compo. Math. 102(1996), 42-64.

[21] Melvin, P. M. and Morton, H. R., The coloured Jones function, Comm. Math.

Phys. 169(1995), 501-520.

[22] Myung, H. C., Malcev-admissible algebras, Progress in mathematics 64, Birkhaeuser, 1986.

[23] Nishihara, H., On weight systems derived from Heisenberg Lie algebras, to appear in J. Knot Theory Ramifications.

[24] , On invariant symmetric 2-tensors of nilpotent Lie algebras of maximal rank, preprint.

[25] Ohtsuki, T., Quantum invariants, Series on Knots and Everything 29, World Scientific, 2002.

[26] Rozansky, L., A contribution of the trivial connection to the Jones polynomial and Witten’s invariant of 3-manifolds, Comm. Math. Phys. 175(1996), 275-318.

[27] Santharoubane, L.J., Kac-Moody Lie algebras and the classification of nilpotent Lie algebras of maximal rank, Can. J. Math. 6 (1982) 1215-1239.

[28] Thurston, D., Wheeling: A diagrammatic analogue of the Duflo isomorphism., preprint math.QA/0006083.

[29] Turaev, V. G., The Yang-Baxter equation and invariants of links, Invent. Math.

92 (1988) 527-553.

[30] , Operator invariants of tangles and R-matrices, Izv. Akad. Nauk SSSR Ser. Math. 53:5(1989) 1073-1107. English transl. : Math. USSR-Izv. 35 (1990) 411-444.

[31] Wadati, M., Deguchi, T. and Akutsu, Y., Exactly solvable models and knot theory, Physics Reports 180(1989)247-332.

[32] Wakimoto, M., Mugen Jigen Lie Kan (in Japanese), Iwanami Shoten, 2000. English transl. : Infinite-Dimensional Lie Algebras, Translations of Mathematical Monographs 195, AMS, 2000.

[33] E. Witten, Quantum field theory and the Jones polynomial, Comm. Math. Phys.

121 (1989), 351-399.